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Kantowski-Sachs Minimally Interacting
Holographic Dark Energy Cosmological Model

In Saez-Ballester Theory of Gravitation
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Abstract— A spatially homogeneous and anisotropic Kantowski-Sachs cosmological model is investigated in scalar tensor theory of
gravitation proposed by Saez-Ballester, when universe is filled with minimally interacting fields; matter and holographic dark energy
components. The solution of the field equations is obtained using the physical condition that the shear scalar is proportional to the expansion

scalar. The physical behavior of the model is also discussed.
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1 INTRODUCTION

T has been believed that the universe is undergoing a phase

of accelerated expansion, which is indicated by the
observational data from the cosmic microwave background
(CMB) [1] and observations of Type Ia supernovae (SNe) [2]
and large scale structure (LSS) [3]. The most accepted
interpretation in context of Einstein’s general relativity is that
this phase is driven by an unknown component called dark
energy. The Wilkinson microwave anisotropy probe (WMAP)
[4] satellite experiment indicates that the universe is spatially
flat on a large scale and the dark energy, dark matter and
baryon matter in the universe make up about 73%, 23% and
4% respectively.
Several modifications of general relativity provide natural
gravitational alternative for dark energy to explain early
deceleration and late time acceleration behavior of the
universe. Among this modifications, the scalar tensor theories
of gravity proposed by Brans and Dicke [5], Saez and Ballester
[6] and the modified theories of gravity like f(R) gravity
proposed by Caroll et al. [7], f(R,T) gravity proposed by Harko
et al. [8] are noteworthy.
In Saez-Ballester theory, the metric is coupled with a
dimensionless scalar field in a simple manner which gives a
satisfactory description of the weak fields. In spite of the
dimensionless character of the scalar field an antigravity
regime appears in the theory. Also this theory suggests a
possible way to solve the “missing matter problem” in non-flat
FRW cosmologies.
A new alternative to the solution of dark energy problem may
be found in the ‘Holographic principle’ [9]. Number of
cosmologists [10-13] have investigated several aspects of
holographic dark energy. Holographic dark energy in non-flat
universe has been extensively studied by Setare [14-15]. Sarkar
[16] has investigated holographic dark energy model in
Bianchi type-I universe with linearly varing deceleration
parameter and established a correspondence with generalized
Chaplygin gas models of the universe. Adhav et al. [17] have

obtained interacting dark matter and holographic dark energy
model in an anisotropic universe. Samantha [18] has obtained
holographic dark energy cosmological model with
quintessence in Bianchi type-V space time. Kiran ef al. [19-20]
have investigated Bianchi type-V minimally interacting
holographic dark energy models in Brans Dicke and Saez
Ballester theories of gravitation. Recently, Reddy et al. [21]
have obtained Kaluza Klein minimally interacting holographic
dark energy model in a scalar tensor theory of gravitation.

In this paper, Kantowski-Sachs space time has considered
when universe is filled with minimally interacting fields:
matter and holographic dark energy components in the scalar
tensor theory of gravitation proposed by Saez-Ballester. This
work is organized as follows: In Section 2, the model and field
equations have been presented. The field equations have been
solved by applying special form of deceleration parameter in
Section 3. The physical and geometrical behavior of the model
has been discussed in Section 4. In the last Section 5,
concluding remarks have been expressed.

2. METRIC AND FIELD EQUATIONS:
We consider spatially homogeneous and anisotropic
Kantowski-Sachs space time described by the metric

ds® = dt* — A%dr* — B*(d6* +sin® &ig?) , (1)
where A, B are functions of cosmic time #. Saez-Ballester
field equations for the combined scalar and tensor fields are
given by

1 1 =

Rj =5 8iR-09" (9,4~ 8idut™) =(T;; + T;), @
where Rij is the Ricci tensor, R is the Ricci scalar, @ and n are
arbitrary dimensionless constants and 87G=c=1 in the
relativistic units.
The energy-momentum tensor for matter and the holographic

dark energy are defined as
Ty = ppuiu;
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where p,,, p, are the energy densities of matter and the

and

holographic dark energy and p, is the pressure of holographic

dark energy.
Also, the scalar field ¢ satisfies the following equation

29" +ng" 94" =0. 4)
The energy conservation equation is

T +17 0. 5)

In a co-moving coordinate system, the field equations (2), for
the metric (1), using equation (3) be given by
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where an overhead dot denotes differentiation with respect to
t.
Using barotropic equation of state p; = wp,, we can write the

continuity equation (5) of the matter and dark energy as

A _B A
0+ —+2 +p,+|—+2=|(1+w)p, =0. 10
P (A Bme P (A ]( )P, (10)
3. SOLUTION OF FIELD EQUATIONS:
The field equations (6) to (8) are a system of four highly non-
linear differential equations in seven unknowns A, B,
PP P, @ and @¢. The system is thus initially

undetermined. We need three extra physical conditions to
solve the field equations completely.

(i) We are considering the minimally interacting matter and
holographic dark energy components. Hence both
components conserve separately so that we have (Sarkar [22],
Kiran ef al. [20]

- | A _B
+=+2=1p,, =0, 11
Put| 25 P (11)

A B
d +|—+2—|1+w =0, 12
and  py+| Z+2 {1+ @) (12)
where a)—p’l. (13)

Pi

(ii) The expansion scalar () is proportional to the shear scalar
(o) [23], which leads to

A=B",(m=1). (14)
(iii) The law of variation of Hubble’s parameter proposed by
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Berman [24] is modified by Singha and Debnath [25] called as

special form of deceleration parameter defined by
-RR K
= =—1+———-7-:, 15
1+R* (49

R2
where R is the average scale factor, k>0 is a constant which
yields a solution

R= (aleazkt - 1)%< ,

(16)
where ; and «, are constants of integration.
For the metric (1), the scale factor R is given by
1

R=(AB?)5 (17)

With the help of equations (16) and (17), we obtain
3m
A= (a1ea2kt _ 1) k(m+2) , (18)
s
B= (aleazkt _ 1) k(m+2) . (19)

Using equations (18) and (19), the metric (1) takes the form

6m
ds? = dt* - (aleazkt —1)k(m+2) dr? —

p (20)
(aye 2 —1)K0m2) [d€2 +sin? Hd¢2]

Equation (20) represents Kantowaski-Sachs minimally

interacting holographic dark energy cosmological model with

special form of deceleration parameter in Saez- Ballester

theory of gravitation.

4. PHYSICAL PROPERTIES OF THE MODEL:

The physical quantities such as spatial volume V', Hubble

parameter H, expansion scalarf, mean anisotropy A,

shear scalar o, matter energy density p,,, holographic

density p,, holographic pressure p,, equation of state

parameter @ are obtained as follows:
The spatial volume is in the form

3
V =(ege™" —1)4 . @1)
The Hubble parameter is given by
H = aya, e®" (aleazkt - 1)71. (22)
The expansion scalar is
0 =3H =3a,a, ™" (aleazkt - 1)_1 : (23)
The mean anisotropy parameter is
2(m—-1)*
= (m—)2 =constant (20, for m=1) . (24)
(m+2)
The shear scalar is
2 2. 12
62 — 30{1 a, (m - 1) (ale—azkt _1)—2 . (25)
(m+2)
It is observed that
2 2
fim S =MD" 0, for me). (26)

0> 3(m+2)>

t—0
The gauge function is given by
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The matter energy density is given by

(27)

3
P = (@ 1) *. (28)

The holographic energy density is given by
-6

(2m + 1) eZazkt(ale—agkt _ 1)—2 + (ale—azkf _ 1) k(m+2)
(29)

905] az
(m +2)?

Py =

a(n-2)-2k

¢61+2 2.2 2 Zazkt( azkt_l) k

3
a‘aja,e — ¢y (e -1) %

The holographic pressure is given by

)
m:(%_ 9 j30‘10‘2 eZazkt(aleazkt_l)—Z
m+2)(m+2)

-6
_ al(aleaZkt _ 1) k(m+2)
a(n-2)-2k
a2kt _ 1) k

_ Meazkt(aleazkt ¢Un+2a2a2a2262a2kt(
(m+2)
(30)
The Eos parameter o is given by
P
Pa

w=

-6

(9(11 t;; @m+1) €2a2kt( o o2kt _1)-2 oy okt _l)k(m+2)
m+
a(n-2)-2k

n+2 2 2 2 2apkt azkt k
¢o (@e™" -1)

-3
a‘ojaye — (e - 1) 4
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(Zk _ 9 ) 30!1 0‘2 eZazkt(aleazkt | 1)—2 _ al(aleazkt _ 1) k(m+2)
m+2)(m+2)
3 a(n-2)-2k
_ 6oy eazkt(aleazkt ¢Un+2a2azazeza2kt( o2kt Sy K
(m+2)
@)

The matter density parameter Q,, and holographic dark
energy density parameter € ; are given by

2k=3
_F mz = C—l ~1) k
3H 30:1 az

Q —2apkt apkt

m

e (aie (32)
P

3H?

2=
6
(2 m+ 1) 20!2](1’ (alefazkt _1)*2 +(a1€—a2kt _1) k(m+2)

a(n-2)-2k
kt
e 1)k
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2
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(33)

The overall density parameter as
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Q=0Q +Q,
2k-3
S e*Zazkt(aleazkt _ 1) k
3a1 az
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o a(n-2)-2k 3
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+ 2
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(34)

From equation (21), the spatial volume is finite ie. the
universe starts evolving with some finite volume at t =0 and
expands with cosmic time ¢. From equations (18) and (19), the
spatial scale factors are not zero for any value of t and hence
the model does not have singularity. From equation (24), the
mean anisotropy parameter A, is constant throughout the
evolution of the universe. Hence the model is anisotropic
throughout the evolution of the universe. From equations (28)
and (29), the matter energy density (p,,) and holographic
energy density (p,) starts with finite density and increases as

time increases.

CONCLUSION: Kantowski-Sachs cosmological model has
been discussed in the scalar- tensor theory of gravitation
proposed by Saez-Ballester when the source for energy
momentum tensor is minimally interacting holographic dark
energy. The solution of the field equations have obtained by
choosing the special form of deceleration

parameter g = —1+ 5 - It is observed that in early phase of

1+R
universe, the value of deceleration parameter is positive while
as t —> o, the value of g=-1. Hence the universe has a

decelerated expansion in the past and accelerated expansion at
present which is in good agreement with the recent
observations of SN Ia. Since the mean anisotropy parameter
A,, is constant throughout the evolution of the universe,

hence the model is anisotropic throughout the evolution of the
universe. The spatial volume increases with increase in time
representing that the model is expanding. We hope that our
model will be useful in the discussion of structure formation
in the early universe and an accelerating expansion of the
universe at present.

m

REFERENCES:

[1] Spergel D. N., Verde L., Peiris H. V. et al. “First Year
Wilkinson Anisotropy  Probe  (WMAP)
Observations: Determination of Cosmological Parameters”,
Astrophys. J. Suppl., 148: 175-194 (2003).

Microwave

[2] Riess A. G., Filippenko Al V., Challis P, et al,
“Observational evidence from supernovae for an accelerating

IJSER © 2016
http://www.ijser.org


http://www.ijser.org/

International Journal of Scientific & Engineering Research, Volume 7, Issue 2, February-2016

ISSN 2229-5518

universe and a cosmological constant”, Astron. J., 116: 1009-
1038, 1998.

[3] Tegmark M., Strauss M., Blanton M., et al. , “Cosmological
parameters from SDSS and WMAP”, Phys. Rev. D, 69: 103501
2004.

[4] Hinshaw G., Weiland J. L., Hill R. S., et al. “Five-Year
Wilkinson Anisotropy  Probe  (WMAP)
Observations: Data processing, sky maps, and basic results”,
Astrophys. J. Suppl., 180: 225-245, 2009.

[5] Brans C., Dicke, R. H.: “Mach’s Principle and a Relativistic
Theory of Gravitation”, Phys. Rev. D 124, 925, 1961.

[6] Saez D., Ballester V. J.: “A Simple Coupling with
Cosmological Implications” , Phys. Lett. A 113, Issue 9, 467-
470 1986.

[7] Caroll S. M., et al., “The cosmology of generalized modified
gravity models”, Phys. Rev. D 71, 063513, 2005; astro-
ph/0410031 FERMILAB-PUB-04-335-A.

[8] Harko T., Lobo F. S. N., Nojiri S., Odintsov S. D., “f(R,T)
gravity”, Phys. Rev. D 84 024020, 2011.

[9] Guberina, B., Horvat, R. and Nicolic H. : “Non-Saturated
Holographic Dark Energy”, ]J. Cosm. Astropart. Phys., Vol.
2007, JCAPO01 (2007). doi:10.1088/1475-7516/2007/01/012.

[10] Cohen, A. G., Kaplan, D. B, Nelson, A. E., “Effective Field
Theory, Black Holes and the Cosmological Constant”, Phys.
Rev. Lett. 82, 4971, 1999.

[11] Horova, P. and Minic, D., “Probable Values of the
Cosmological Constant in a Holographic Theory”, Phys. Rewv.
Lett. 85, 1610, 2000.

[12] Hsu, S. D. H.: “Entropy Bounds and Dark Energy”, Phys.
Lett. B 594, Issues 1-2 13-16, 2004.

[13] Li, M., “A Model of Holographic Dark Energy”, Phys. Lett.
B 603, Issues 1-2 pp.1-5, 2004.

[14] Setare, M. R., “ The Holographic Dark Energy in non-flat
Brans-Dicke Cosmology”, Phys. Lett. B 644, Issues 2-3 pp. 99-
103, 2007.

[15] Setare, M. R., Saridakis, E. N.: “Braneworld models with a
non-minimally coupled phantom bulk field: a simple way to
obtain the -1-crossing at late times “ J. Cosm. Astropart. Phys.,
0903, 002, 2009.

Microwave

[16] Sarkar , S. : Holographic Dark Energy Model with
Linearly Varying Deceleration Parameter and Generalized
Chaplygin Gas Dark Energy Model in Bianchi Type 1

270

Universe”, Astrophys. Spa. Sci., 349, Issue 2 pp. 985-993, 2014.
[17] Adhav, K. S., Tayde, G. B., Bansod, A. S., “Interacting dark
matter and holographic dark energy in an anisotropic
universe” Astrophy. Spa. Sci. 353, 249-257, 2014; DOI
10.1007/s10509-014-2015-7.

[18] Samantha G. C., “Holographic Dark Energy (DE)
Cosmological Models with Quintessence in Bianchi Type-V
Space Time”, Int. J. Theo. Phys. 52, 4389-4402, 2013.

[19] Kiran, M., Reddy D. R. K,, Rao, V. U. M., “Minimally
Interacting Holographic Dark Energy Model in Brans-Dicke
Theory” Astrophys. Spa. Sci., 356, Issue 2, pp. 407-411, 2014;
10.1007/s10509-014-2213-3.

[20] Kiran, M., Reddy D. R. K,, Rao, V. U. M. “Minimally
Interacting Holographic Dark Energy Model in a Scalar Tensor
Theory of Gravitation”, Astrophys. Spa. Sci., 354, Issue 2, 577-
581, 2014; DOI 10.1007/510509-014-2099-0.

[21] Reddy D. R. K, Vijaya Laxmi G. V. “Kaluza-Klein
Minimally Interacting Holographic Dark Energy Model in a
Scalar Tensor Theory of Gravitation”, Prespacetime Journal,
Vol. 6, Issue 4 pp. 295-304, 2015.

[22] Sarkar S. “Interacting holographic dark energy with
variable deceleration parameter and accreting black holes in
Bianchi type-V universe”, Astrophys. Spa. Sci. 352, 245-253,
2014.

[23] Collins, C. B., Glass E. N., Wilkinson D. A., “Exact
spatially Homogenuous cosmologies”, Gen Relat. Grav.,, 12
(10) 805-823, 1980.

[24] Berman M. S.: “A Special Law of Variation for Hubble’s
Parameter”, II, Nuovo Cimento B, 74 (2), 182-186 , 1983.
http://dx.doi.org/10.1007/BF02721676.

[25] Singha A. K., Debnath U. “Accelerating Universe with a
Special Form of Deceleration Parameter”, Int. J. Theo. Phys., 48
(2), 351-356, 2008.

IJSER © 2016
http://www.ijser.org


http://www.ijser.org/

	1 Introduction



